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Abstract

Given a redundant dictionary ®, represented by an M x N matrix (® € RM*N) and a target signal y € RM|
the sparse approximation problem asks to find an approximate representation of y using a linear combination
of at most k£ atoms. This note presents a hardness result for sparse approximation problem under a measure
of quality, which is essentially the squared multiple correlation in statistical analysis. We show that unless

P = NP, all polynomial time algorithms which provide a k-sparse vector z should satisfy
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ooty < (1-3) 1902l

where z* is the optimal k-sparse solution and ®, denotes the column sub-matrix of ® which consists of the
column vectors with indices of non-zero elements in z. We relate this result to the recent algorithmic results
of Das and Kempe [1, 2] and conclude that Forward Regression and Orthogonal Matching Pursuit are almost
the best one can hope for solving the sparse approximation problem under the squared multiple correlation
metric, especially when the dictionary is near orthogonal.
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1. Introduction

Given a redundant dictionary ®, represented by an M x N matrix (& € RM™*N) and a target signal
y € RM | the sparse approrimation problem asks to find an approximate representation of y using a linear
combination of at most k£ atoms, i.e. column vectors of ®. This amounts to finding a coefficient vector

x € RY for which one usually solves

min |jy — @z, (1)
Hxl‘ozk’

We name the problem with this standard objective function (1) as SPARSE. Stated in linear algebraic
terms, it is essentially about picking a k-dimensional subspace defined by k column vectors of ® such that
the orthogonal projection of y onto that subspace is as close as possible to y. Thus, if ®, denotes the column
sub-matrix of ® which consists of the column vectors with indices of non-zero elements in x, SPARSE can

also be written as
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min ”y_q)zq);—yHQ’ (2)
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where @7 denotes the pseudo-inverse of ®,. The problem is of combinatorial nature and the optimal solution
can be found by checking all (I,\cf ) subspaces. SPARSE is NP-hard even to approximate within any factor [3, 8].
The intrinsic difficulty of the problem under this objective function prevents one from designing algorithms
which can provably approximate the optimal solution. In signal processing community, efforts have been
towards analyzing algorithms working on restricted set of dictionaries for which one requires the column
vectors to be an almost orthogonal set, namely an incoherent dictionary. Orthogonal Matching Pursuit
(OMP) is a common algorithm yielding approximation guarantees under such restrictions [7, 9, 12]. Similar
restrictions for matrices have also been suggested in compressive sensing under the name Restricted Isometry
Property (RIP) [4]. The problem SPARSE, defined in Hilbert and Banach spaces with full generality, has
also been studied as highly nonlinear approximation in functional approximation theory [10, 11]. In parallel
to the finite dimensional case, definitions of coherence appear in [5] with algorithms providing approximate
solutions via the so-called Lebesgue-type inequalities.

A closely related problem to sparse approximation is subset selection in linear regression. In this problem,
the goal is to estimate a predictor variable Z using a small subset of the observation variables Xy, ..., X,.

One wants to sample a set S of at most k variables X;, and compute a linear predictor 7’ = 5. o «; X; of Z.

ics
This problem is equivalent to sparse approximation under approximation preserving reductions. Note that
in sparse approximation too, one tries to select a subset of £ column vectors whose linear combination is a
good “predictor” of the input vector y. Given this, the goal is to minimize the mean square prediction error

E[(Z — Z')?], which is equivalent to minimizing the expression (2) in the sparse approximation problem.

Another alternative, which is the one we take in this note, is to maximize the squared multiple correlation

R . Var(Z) — E[(Z — Z")?]
Z,8 Var(Z) ’

Analogically, Var(Z) represents Hy||§, and E[(Z — Z')?] stands for ||y — ®z||3. Stated in terms of the sparse
approximation problem, this value measures how much the target vector “falls” onto the optimal linear
combination of the selected vectors, in contrast to the standard objective function that measures how far
away the target vector to the chosen subspace is. Motivated by this, we define the problem DIFF-SPARSE in

which we try to optimize the differential objective function. It is the same as SPARSE except that one solves

2
max ||<I>JE<I>;§y||2
HQ?HO:]C

One could omit the squares, but we preferred not to do so as results in this form are readily related to those
of SPARSE. Note also that the optimal solutions of SPARSE and DIFF-SPARSE are the same. In order to

N2
underline the motivation behind this new definition, one sees that R2Z’ g = V”(Z%/_a]f([(ZZ)_Z )1 is analogous to

H<I>I<I>;'y|\§ Our main theorem in this paper is:



Theorem 1.1. DIFF-SPARSE cannot be approximated within (1 — % + e) for all € > 0 in polynomial time
unless P = NP.

This result is a simple extension of Feige’s Set-Cover reduction [6]. Yet, it is important in the sense
that there are some algorithmic results for DIFF-SPARSE which are comparable to this hardness result.
Das and Kempe [1], Gilbert et al. [7] and Tropp [12] obtained algorithms with performance guarantees
1 — ©(uk) in the special case where the coherence p of the dictionary is O(1/k). In [1], the authors also
obtain a (1 — %) approximation under the special case where there are no “suppressor variables”. In a more
recent paper, Das and Kempe [2] showed that the algorithm Forward Regression attains the approximation
ratio (1 — e_’\mm(c’k)) -0 ((%)1/’\W"(C’k))7 and the algorithm Orthogonal Matching Pursuit attains the
approximation ratio (1 — e‘Ami”(C’kV) -0 ((%)UAmm(C’k)), where C'is the the matrix of covariances between
variables X; and X, (the matrix of pair-wise dot products in the sparse approximation problem), and
Amin(C, k) refers to the smallest eigenvalue of any k x k sub-matrix of C. Hence, if A\, (C, k) is close to
1, which means that the variables are uncorrelated (which corresponds to the case where we have a near
orthogonal dictionary in the sparse approximation problem), these approximation ratios are comparable to
(1- é) The recent analyses of the aforementioned algorithms in [2] explain why they work well in practice.

It turns out that, according to our result, there are no significantly better algorithms.

2. Inapproximability of DIFF-SPARSE

We first state a simple lemma connecting hardness results for this problem to those of SPARSE. Given

®, y and k as input to the problem, we have the following:

Proposition 2.1. If, for some ¢ > 0, DIFF-SPARSE cannot be approzimated within (1 — ¢) in polynomial
time under some complezity theoretic assumption, then all polynomial time algorithms which find a solution

x for SPARSE should satisfy

2 _) 2
ly — @3 > (1= o)lly — Pz*[|5 + cllyll;
under the same complexity theoretic assumption.

Proof. For all polynomial time algorithms, we have

2 2 2
10,05yl _ Il ~ ly— @l |
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||‘I’z*‘1’;—*y|2 ||yH2_ ||y—<I>x*||2
where z* is an optimal solution. Rearranging the last inequality yields the desired result. O

Combining this fact with Theorem 1.1, we have the following:

Corollary 2.2. Assuming the notation introduced thus far, all polynomial time algorithms solving SPARSE

satisfy



2 w112 2
ly — @z||5 > (1 = )|ly — @z™[|5 + cllyll;
for é >c¢ >0, unless P= NP.

The corollary above is most significant when the optimal solution has 0 value and ¢ is close to . In that

e
case, the corollary states that any polynomial time algorithm devised for SPARSE is stuck with a solution far
1

away from the optimal, unless P = NP. As an example, set y — ®z* = 0, ¢ = ; — ¢ for some small € > 0.

Then, we get that such an algorithm should satisfy ||y — <I>x||§ > (L—¢) ||y||§ A numerical approximation
yields ||y — @z, > 0.6||y||, for some suitably chosen e. It is remarkable how difficult SPARSE is. It is not only
inapproximable, but one cannot even hope to get close to 0 when it is the optimal value. Note that, at the
other end of the spectrum is the case ¢ = 0, which results in the trivial inequality ||y — ®z|, > [y — Pz*|,.

We now give the proof of Theorem 1.1:

Proof of Theorem 1.1 We use a result from the classic paper of Feige [6] in which he shows an optimal
hardness result for Set Cover and Max k-Cover. In Max k-Cover, we are given a collection of sets C =
{81,52,...,S,} which are subsets of a ground set E = {ej,ea,...,e,}. We want to choose k sets from C

o as to maximize the number of covered elements in E. The following is implicit in Theorem 5.3 of [6]:

Theorem 2.3. [6] There exists a polynomial time reduction from 3-SAT to Maz k-Cover such that if 3-SAT
is satisfiable, then there exist k disjoint sets that cover all the elements in E; if 3-SAT is not satisfiable, then

no k sets can cover more than (1 - %) fraction of the elements.

Since this is the crux of our result, we would like to briefly mention the reduction which yields this result. In
his reduction, Feige uses a multi-prover protocol where each prover receives n/2 clauses and n/2 distinguished
variables. These are selected by the verifier from a 3-SAT instance ¢ using a random string, where n is the
total number of clauses. The indices of clauses and variables sent to provers are determined by the Hadamard
code. Each prover provides an assignment to all the variables it receives and it is said that the answers of
two provers are consistent if the induced assignments to the distinguished variables are identical. If ¢ is
satisfiable, then there is always a strategy such that all the provers are consistent. Otherwise, all the provers
are inconsistent with high probability. As for the reduction, a partition system (a ground set together with
subsets) is defined for each random string the verifier selects in such a way that if the answers of all the
provers are consistent one can find k disjoint sets which perfectly cover the ground set. Otherwise, a certain
fraction of the ground set cannot be covered which is quantified by the theorem cited above.

We combine the reduction in the cited theorem with the following reduction from Max k-Cover to DIFF-
SPARSE: We construct a matrix ® € R™*"™ where the columns correspond to the sets in C' and the rows
correspond to the elements in £. Let ®;; = 1 if e; is contained in S;, and 0 otherwise. We also let y € R™
be the vector with all entries 1. It is clear that if Max k-Cover has k disjoint sets that perfectly cover E,

then there exist k& columns of ® whose some linear combination (in fact with all coefficients 1) is exactly y.



In other words, there exists a vector z € R™ such that ®x =y, i.e. y is in the span of ®,. Hence, this gives
H<I>$<I>;“y|\§ = |ly||3. If there are no k sets that cover more than (1 — 1) fraction of the elements in E, then
no matter how we choose k columns of @, no linear combination of them will be able to contribute non-zero
elements to the coordinates of y corresponding to the uncovered elements. Since at least é fraction of the
coordinates of y is uncovered, we have that for any z, ||y — (I)O(JHg > é||y||§ Thus, we get that the orthogonal

projection of y, i.e. |®,07yll5 < (1 —2)|lyll3 by the Pythagoras Theorem. This completes the proof.

3. Final Remark

We have presented an improvement in understanding the hardness of sparse approximation which we
can relate to the existing algorithmic results. However, most algorithmic results usually assume further
structure on the dictionary or their approximation factors involve parameters of the input. It is a curious

open problem whether there exists an algorithm matching the exact lower bound in the general case.
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