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Abstract

We show that there exist infinitely many n € Z* such that for any constant € > 0, any
deterministic algorithm to solve k-SAT for & > 3 must perform at least (2’“*%’6)’?1 operations
in the worst case, where n is the number of variables in the k-SAT instance.

1 Introduction

The purpose of this paper is to prove the following theorem, establishing the strong exponential
time hypothesis (SETH) [2] against deterministic algorithms.

Theorem 1. For any integer k > 3, there exist infinitely many n € Z™ such that for any constant
€ > 0, any deterministic algorithm must perform at least

<2k—%—e) BT

operations to solve the problem k-SAT, where n is the number of variables in the k-SAT instance.

We assume the reader is familiar with the first two sections of [I]. We repeat some important
definitions. All the following definitions are with regard to M := k-SAT. Given an instance I, a
reduction o : I — T is called a unit operation, where T is the problem TRIVIAL with a single
positive instance True and a single negative instance False. Reducing a problem to T amounts
to solving it. In the rest of the paper, a positive instance is briefly called an instance.. Given two
instances I7 and I, a reduction « : Iy — I5 is called a unit instance operation. A reduction is called
a unit reduction if it is a unit operation or a unit instance operation. A computational problem
defined via a non-empty subset of the instances is called a sub-problem. A sub-problem A is called
a simple sub-problem if the instances of A have the same Hilbert polynomial. Instances I1 and I
are said to be distinct if they satisfy the following: (1) They have distinct solution sets over Fa.
(2) 1\ I #0. (3) I\ I # (. In this case we also say that Iy is distinct from Is. A sub-problem
A whose instances are defined via the variable set S = {z1,...,z,}, is said to be homogeneous if
all the variables in S appear in each instance of A and the instances of A are pair-wise distinct.
Unit reductions « : I1 — Iy and 8 : I3 — I4 are said to be distinct if they satisfy the following: (1)
(LAL)\ (IsALy) # 0. (2) (IsAy) \ (I1ALz) # 0. Given a sub-problem A, let 77 be the set of all
unit operations defined via the instances of A, and let T5 be the set of all unit instance operations
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defined between pairs of distinct instances of A. Let T'= T7 U T5. The sub-problem A is said to be
prime if the elements of T are pair-wise distinct.

We define 7(IM) to be the minimum number of deterministic operations required to solve I1.
Given a prime homogeneous simple sub-problem A, we denote the number of instances of A by
b(A). Over all such sub-problems A, we denote by x(I1) the maximum value of b(A).

Lemma 2 (Fundamental Lemma). [1] 7(M) > ().

2 Proof of Theorem [1]

Denote by k-SAT(n, m) the problem k-SAT with n variables and m clauses. The following theorem
establishes Theorem [1| by Lemma

Theorem 3. For any integer k > 3, there exist infinitely many n € Z™ such that for any constant

€ > 0, we have
Qk k—3_ kLJrl
- > € .
/<c<kSAT<n,<k+1>n>>_<2 2 )

Proof. We construct a prime homogeneous simple sub-problem of k-SAT with (T;Q) Qr/2 (k=3

instances, each having (k 4 1)r variables and 2Fr clauses, for r > 1.

Each instance consists of r blocks. For r = 1, a block of an instance is defined via k+ 1 variables
T1,..., 241, and 2% clauses. We will first describe a homogeneous simple sub-problem, which we
will later make into a prime homogeneous simple sub-problem by mixing certain clauses between
blocks. We start by constructing 2¥~2 instances corresponding to each of the following solution sets
over Fo with coordinates in the variables x1, x2, 3, xx+1 in order:

Instance 1 Instance 2 Instance 3
(0,0,1,0) (0,0,1,0) (0,1,0,0)
(1,0,0,0) (0,1,0,0) (0,1,1,0)
(1,1,0,0) (1,0,1,0) (1,0,0,0)

These are exactly the same initial solution sets as introduced in [I] for the variables z1, x2, 3, 24,
where we prove the main theorem establishing hardness for 3-SAT. They will be constructed by
using the same clauses (and hence polynomials), so that they also extend to the same solution sets
over Fy. Thus, instances constructed so result in a homogeneous simple sub-problem. Each of the
2F=3 instances corresponding to such a solution is identified by a distinct Boolean assignment of
the vector (z4,...,7x). Furthermore, the solution sets over Fy will also fix these variables either to
0 or 1. It follows that the cohomology of all the instances are identical to those of these 3 instances:
a single closed point, and a linear subspace, as established for 3-SAT. This implies that we have a
homogeneous simple sub-problem consisting of 3 - 273 instances.

We now give the clauses to fix the solutions sets as described above. In doing so, we consider
the corresponding polynomials, but speak of the solution over Fo. The first clause is

(x1Vx2\/---\/xk),
which forces at least one of x; to 1, for ¢ = 1,...,k. The next 2k=1 clauses are

1 VoV Vap_1V Tt
1 VT2V V1V Tyl

TIVITV VTV T
V1V VIV Ty,



where in the first 2¢=1 — 1 of them, the first £ — 1 literals encode all possible Boolean vectors of

length k£ — 1 except the all 1s vector, and in the last one, the variables xi,...,xr_o all appear as
positive literals. Given these clauses, assume xx 1 # 0, which will eventually derive a contradiction.
Assume further that z; = 1 for some ¢ = 1,...,k — 1. Then the clause

1V VIV VI VT

in which all z; appear as a positive literal except j € {i,k + 1}, implies that at least one such z;
is also 1. Then by the definition of the first 251 — 1 clauses, one can find another clause forcing

yet another variable to 1, and one can continue this procedure to set all x; =1 fori=1,...,k— 1.
This however contradicts the last of the first 251 — 1 clauses, which implies that at least one of
these variables must be 0. In turn, we have that none of the x; fori =1,...,k — 1 can be 1. Then

we must have x; = 1 by the very first clause we have introduced, which contradicts the last clause
listed above. We thus arrive at the conclusion that xy+; = 0.

We now describe a set of clauses fixing x; = 0 for i = 4,...,k in k — 3 groups, each fixing one
variable. Replacing these groups by the negation of the target variable, one can construct all the
2F=3 instances encoding a distinct Boolean assignment to these k — 3 variables, thereby completing
our construction. We only describe the all Os case. The first group consists of the following 2+~2

clauses
T1VI2V: - VIp_9VIp1VTE
TIVIXaV - - VIp_oVZTpy1 VTE

TIVTV- VT oV IV T,

where the first k — 2 literals of the clauses encode all possible Boolean vectors of length k& — 2.
Recalling that xj,1 = 0, this forces xj, = 0. In a similar fashion, the next 2873 clauses are

TpVr1VIraV - VTr_3VITeyVITg_1
TVITIVIXaV - VI3V Iyl VITr_1

TeVZI VIV VT3V Try1VTp_1,

which force zp_1 = 0. Notice that the clauses contain x;, which was set to 0 in the previous group.
Continuing to introduce a newly set variable in the next group, and hence decreasing the number
of clauses by half at each step, we finally have the following 4 clauses setting x4 to 0:

T Va1V VrsVIr1 VeV Iy VIg
T VX1V ---VrsVITI VIV Iy VTa
T VX1V - VrsVI1 VT2V Ty VITs
T V1 V- VrsVIIVI2V Ty V Ta.

The total number of clauses we have introduced thus far is 1+ (257 1) 4+ (282 4283 ... 1 4) =
2% — 3. The next 3 clauses complete the definition of the solution set by assigning 1, x2, z3 their
values. For Instance 1, we have the clauses

T1VI3VIpp1 VgV Vg
TIVITIV 1 Vg V- Vg
LoV I3V Tp1 VgV Vg



For Instance 2, we have

TIVX3VITpp1 Vg V- Vg

ToV I3V Iy VaeaV: -V

LoV I3V T VgV V.
For Instance 3, we have

TIVZIV T VIy V- Vg

TIVIZ3V Iy VITa V.-V

ToVIIV Iy VgV Vg
The first two literals of all the introduced clauses are the same as in the proof of the main theorem
of [I]. These instances are disparate from each other. Thus, having the same Hilbert polynomial,
they form a homogeneous simple sub-problem. Thus, we have constructed such a sub-problem with
3. 2%73 instances on k + 1 variables, completing the base case of the induction.

Assume the induction hypothesis that there exists a homogeneous simple sub-problem of size
(3 - 253" for some r > 1. In the inductive step, we introduce k + 1 new variables, namely
Tt 1)rt1s - - s Lk 1) (r41), and 3 - 2F=3 new blocks on these variables each consisting of 2* clauses
with the form as described above. Appending these blocks to each of the (3 - 2¥73)" instances
of the induction hypothesis, we obtain (3 - 2¥73)"*! instances. The constructed sub-problem is
a homogeneous simple sub-problem. We next make this into a prime homogeneous simple sub-
problem.

We first note that the solution sets for the aforementioned 3 instances are as follows over
(z1,22,23). Instance 1: {(0,0,1)} U {(1,,0)}, Instance 2: {(0,1,0)} U {(«,0,1)}, Instance 3:
{(1,0,0)} U {(0,1,)}, where a € Fo. We shall not prove this easy fact here, which was already
established in the main theorem of [I].

We first describe the procedure to construct a prime homogeneous simple sub-problem for r = 2,
which can easily be extended to the general case. Suppose that the first block is defined via Instance
1. We perform the following operation: Consider the clauses numbered from 2 to 2*~!. Retain the
literal T in all the clauses and the clauses containing the following group of literals, where they
appear together:

T2 VT3

T2V x3

T1 Va2
For all the other clauses, replace the literals involving the variables x1,z2 and x3 with the literals
of the second block depending on which instance it is defined via. If the second block is defined via
Instance 1, replace any expression involving these literals with xx10 V ZTpy3 V xpyq. If it is defined
via Instance 2, replace them with zp.10 V T3 V Trr4. If it is defined via Instance 3, replace them
with Tpr2 V Tr13 V 2x+4- In extending this to the general case, the variables used for replacement
is from the next block to the current one, and their indices are the ones respectively corresponding
to k+2,k+ 3 and k + 4.

If the first block is defined via Instance 2, we perform the aforementioned operation by retaining

the following group of literals:
o V T3
T V X3
T2 VT3
If it is defined via Instance 3, the operation is performed by retaining the following group of literals:

T2 V x3
T2 VT3
z1V x2



In the general case, all these operations are also performed for the last block for which the next
block is defined to be the first block, so that the operations complete a cycle over the blocks. Upon
these operations, a specific set of clauses of each block depending on its type contain literals of the
next block so that they are distinguished by the type of the next block. This ensures that we have
a prime sub-problem.

We next observe the following for the first block, which also holds for all the other blocks by the
construction. Assume zpy1 # 0 and xx11 # 1. We will show that this leads to a contradiction, so
that x4 # 0 implies x5 = 1. Consider the case in which the first block is defined via Instance
1. By looking at the clauses on which we have retained the aforementioned group of literals, we
then have

(1 — .%'2)1‘3 =0.
xg(l - 553) = 0.
.%'1(1 — xg) =0.

As noted, the solution set implied by the last 3 equations of the first block for xx11 # 1 sets at
least one of x1, x5 and z3 to 1. By checking each case then, we have that the solution set to these
equations is {(«, 1,1)}. This contradicts the aforementioned solution set: {(0,0,1)} U {(1,«,0)}.
Suppose now that the first block is defined via Instance 2. By looking at the corresponding

group of literals retained, we get

(1 — .%'2)1‘3 = 0.

z2(l —z3) =0.

o3 — 0.

By the same token, the solution set to these equations is {(1,0,0)}. This contradicts the solution
set implied by the last 3 equations of Instance 2 for zj; # 1: {(0,1,0)} U {(«,0,1)}.
Finally, suppose that the first block is defined via Instance 3. We then obtain

.%'2(1 — afg) =0.
o3 — 0.
.%'1(1 — 332) =0.

With a similar argument to those above, the solution set to these equations is {(0,0,1)}. This
contradicts the solution set implied by the last 3 equations of Instance 3 for x;41 # 1: {(1,0,0)} U
{(0,1,a)}. Thus, we have either z;1; =0 or zj41 = 1.

Observe that the replaced clauses are satisfiable. Assume zp,1 # 0. If the second block is
defined via Instance 1, xxi9 V Tgy3 V x4 does not contradict the solution set for Instance 1,
which is {(0,0,1)} U {(1,,0)} U {(a,1,1)}. Similarly, if the second block is defined via Instance
2, Tkyo V Thys V Trra does not contradict the solution set for Instance 2, which is {(1,0,0)} U
{(0,1,0)} U {(a,0,1)}. If the second block is defined via Instance 3, T2 V Try3 V Tg4+4 does not
contradict the solution set for Instance 3, which is {(0,0,1)} U {(1,0,0)} U {(0,1,)}. Here the
solution sets are expressed over (Tji2,Tk+3, Tkid)-

We have already mentioned that for xx411 = 0, the solution sets associated to three different
types of blocks have the same Hilbert polynomial. For z;,1 = 1, the solution sets associated to
these blocks are the ones computed in the discussion above. For Instance 1, it is (a,1,1,1). For
Instance 2, it is (1,0,0,1). For Instance 3, it is (0,0, 1, 1), where the solutions are expressed over
(z1,22,23,2k+1). Thus, the Hilbert polynomials associated to Instance 2 and Instance 3 are the
same, whereas Instance 1 differs from them. Consider the instances having r/2 blocks defined via
Instance 1 and r/2 blocks defined via Instance 2 or Instance 3. These instances have the same
Hilbert polynomial, so that we have a homogeneous simple sub-problem. The number of such



instances is (/) - 2"/2. Using the Stirling approximation, we have for all ¢ > 0
r/2

as r tends to infinity. Since r = kLH, the proof is completed. O
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